MATH 366: Introduction to Applied Math
FINAL EXAMINATION .

December 22, 2014

FILL OUT THE INFORMATION IN THE BOX AND SIGN.

Name: Campus Email:

I pledge that the work on this exam is entirely my own.

Student signature:

READ THE FOLLOWING INFORMATION.

This is a 135-minute exam. The maximum possible points is 86.

e You can use the codes available in the network drive for developing your own code for
the exam question.

e Calculators, books, notes, and other aids are not allowed.

e You may use the backs of the pages or the extra pages for scratch work. Do not
unstaple or remove pages as they can be lost in the grading process.

e Please do not put your name on any page besides the first page.

e Please print your name (as it appears on your Blackboard) at the first line of your code
as a comment. Please print your code after you are done with it.

DO NOT BEGIN THE EXAM UNTIL SIGNALED TO DO SO.



Some basic Mat;ab functions that can be used while
writing the pseudo codes

find_nonzero (Input is a vector, output is the location of first nonzero number, output is O
my_GaussianElimination (Two inputs: a matrix A and a column vector b, output is the solution
my_ppsc_GaussianElimination (inputs and output are similar to the earlier one, This uses par
row_echelon (Two inputs: rectangular matrix A and tolerance. produces a row echelon form for
reef (produces the reduced row echelon form of the input rectangular matrix A)

rank (produces the rank of the input matrix)

find_basis (Two in puts as the earlier one. Two matrix outputs: The columns of the first ou
svd (one input (A), three output (U, V, D). It produces the singular value decomposition of
egg (input is a square matrix, output is a vector of the eigenvalues of the input)

unique (one input, one output. It produces a vector consisting of the distinct elements of t
inv (produces the inverse of a matrix)

det (produces the determinant of the input matrix)

trace (produces the trace of the input matrix)

size (produces size of the input matrix)

A’ denotes the transpose of a matrix

length(produces the length of a vector)

find (the input is some assertion about a vector, the output is the entries of the vector fo
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Problem FR is free response problem. Put your work/explanations in the space below
the problem.

e Read and follow the instructions for every problem.

e Show all of your work for purposes of partial credit. Full credit may not be
given for an answer alone.

e Justify your answers. Full sentences are not necessary but English words
help. When in doubt, do as much you think is necessary to demonstrate that
you understand the problem, keeping in mind that your grader will be necessarily
skeptical.

o Try to keep the pages containing the problems as clean as possible. You can use
the back side of any page for scratch work.

FR1 (8 points) Suppose b, ¢, d are 3 x 1 column vectors and A is a 3 x 3 nonsingular matrix.

a1 a2 a13 b1 c1 dq
A = a1 ag2 as3 y b = bg y C = (&) y d = dg
as1 asy as3 b3 c3 ds3

After doing a series of row operations the augmented matrix [A tbicid flg] (I3 is the 3 x 3

identity matrix) reduces to

fi g1 hi 1 §1 kL
fo g2 ha i2 j2 Il |,

1
0
0 fs g3 hz i3 j3 I3

S = O

0
0
1

(a) Identify the solution of the equation Az = (2b — ¢ + d).
xr=

(b) Identify the third column of A1,

(c) Identify the second row of A1
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__ /2 (d) Identify the solution of the equation Ay = (1,0, —1)T.

y:
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(This page intentionally left blank.
You can use it for scratch work. Please do not remove it.)
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FR2 (9 points)

/3 (a) Find whether the following matrix is in row echelon form. If not, give reason behind
that. If yes, find the indices for the basic columns.

04 0 -1 -2 0
A 00 11 -2 0 0
100 0 0 0 -0.1
00 0 0 O 0
— /343 (b) U is obtained from B by row operations.
1 -3 0 —1 2 1 -3 0 -1 2
-1 3 1 3 1 0o o 1 2 3
B = 0O 0 0 0 o]}’ U= 0 0 0 0 O
1 -3 1 1 5 0 0 0 0 O
Find basis for the range space and null space of B.
Range Space Basis Null Space Basis
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FR3 (8 points) Let S be the subspace of R* given by S = {(x1, z2, 3, x4) : 221 — T3 + 223 —
3.734 = 0}.

/2 (a) Find dim(S).

/3 (b) Find a basis for S (Hint: S is the null space of a certain matrix).

/3 (c¢) Ifv=(1,1,1,1)T and T = Span(v), then find find dimension of S + T
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FR4 (11 points) Let A be a 6 x 6 matrix with characteristic polynomial p(\) = (A —1)3(\3 —
2X). It is known that if Aj, Ao, A3 are the real eigenvalues of A such that Ay < A2 < A3, then
the basis for the null space of A — \Ig, A — Aalg, A — A3l are given by {u,v},{z,y, 2z}, {w}
respectively for some vectors u, v, w, x,y, z.

/3 (a) Find the distinct eigenvalues of A.

/3 (b) Find the algebraic multiplicities of the distinct eigenvalues of A.

/3 (c) Find the geometric multiplicities of the distinct eigenvalues of A.

/2 (d) Is A diagonalizable?
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FR5 (10 points) Suppose

1 1 -1 1 1/v3 1/v2
z=| -1/, A:{1 _0 1}, B=| —1/V/3 1/V2
-2 1/v3 0

/2 (a) Find the 4-norm of z. ||z||4 =

/2 (b) Find the elliptic A-norm of z. ||z||4 =

/3 (c) Find the orthogonal projection of 2 onto S, where S is the range space of B.

/3 (d) If z is rotated around the z-axis counterclockwise through an angle 60 degree, find its
new location. (If (0,1,0)7 is rotated similarly, its new location is (0,1/2,v/3/2)7).

- 10 -
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Problem PC is PseudoCoding.

¢ Read and follow the instructions for the pseudocode.

e Do as much as you think are necessary for purposes of partial credit.

PC1 (10 points). Write a pseudocode x =Check _EigVec(A,[). which takes a matrix A and a
number [ as input and checks whether [ is an eigenvalue of A or not. If the sizes of the input are
not compatible for this purpose, an error message should be prompted saying “Incompatible
Inputs”. Otherwise it should be displayed ‘yes’ or ‘no’ depending on whether [ is an eigenvalue
or not. If the answer is ‘yes’, the output x is a corresponding eigenvector.

_12-
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PC2 (10 points) Write a pseudocode [P, D] =Find _Diag(A). which takes a matrix A as
input and finds P and D such that D is diagonal and P~!AP = D (assuming that A is
diagonalizable). If the size of the input is not compatible for this purpose, an error message
should be prompted saying “Incompatible Inputs”.

_ 14 -
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PC3 (10 points) Write a pseudocode yhat = Isfit(X, y, X hat). which takes two matrices X
and Xhat, and a column vector y as input. The columns of X are values for the predictor
variables in the training data, y consists of values for the target variable in the training data,
and the columns of X hat are values for the predictor variables in the test data. The output is
the vector of predicted values for the target variable for the test data using linear least square
method.

If the sizes of the input are not compatible for this purpose, an error message should be
printed saying “Incompatible Inputs”.

- 16 -
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PC4 (10 points) Write a pseudocode P = Extend_to_Orth(x). which takes a vector x as
input and produces an orthogonal matrix whose first row is normalized z, provided z is not
the zero vector. If x is the zero vector, an error message should be prompted saying ‘Invalid
entry’.

- 18 -
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