2/1/18, Thw~

Math 7802

, >
@ Advanced Topics in Stat. (PFUP. Sln"u.rsichfu Chotterjee )

Texchook. : Applied  Mubtivariate Analysts
Aplied Vinear Gtatistionl model by fcutnes etc.

Toples
ngsym 1 and assocloted inference

logiste vegresston, [EiRetglt prcipal czmporent snsyshs,

Clustermg and clogsificotion , ome dezslgn £ experiment
HW 2 Brweskly Hw will be posied m Blackbosrd
Golution of some, of them Wil be posted .

Bams: 15 midterms (#0%) < Tentstively o -t st
Ohe, Frojecb ( 2.0% closs P March amd Apral

e
Fina| Bam (40 %) Pue by the last class . |
Makeup Bam ( Gt PO[?c.q )

Farmuld. Sheets ( 3 pages o~ MZOHW L{-Paﬂﬁs 'erﬁnal"
bnd caleulators are &llowed )




N fon JRW. u @ Asumption on envors

M«Higle [inear regression Errors have mesn O and Hhey are uncomelated .
Y) &> dopendont variable  ( response)

\.,

Remember that fhe. rancom parts in the mede] |s@emrs\
(El O‘Brd‘l(l

cov(gi, ;) =0 foral i+
Egi.l ij) = E(Q?)E(is)

K&

(e—-) K ideperdent, vuieble ( predictors)

Zx‘ W
Assume, Linear relation : Y=BtB2t~ +ﬁk3:+£
Goal @ Glutistical icerence. dbout ..., S

Prediction of pespmse. pased on predictor vautables.
We ohserve Fhe response aud predretors fov 1 obsesvations
This 75 colled the training docta.
V ched

Vi= Bt BB Eut A Bt 8, | L

YozBotfi 2 1o Zat -+ + PruZant &

v (€1) = cov (€1, 8;) = s (homoskedasticiy
ol dssumption )
In #is case, we con use Jeast square methed o estimate. 8

Minimize —
,,Jﬂ"..,zﬁ %(Yl ‘ﬂa"ﬂ.Zil“"-ﬂgZ;k)" — (%

Rogey-
E(yl‘) = ﬂo +ﬁ| Z“ +-“+ﬂsz A S 23
The. mintmizes ’F(il_fs C‘"ed "“\Q;LS estimactor aFﬁ

—

YH‘—=ﬂ,+ﬂ. Zm+faZpat -+ BeZprt En T /3\5 |
n @@‘\‘ p’*i’
= ?(\h \,*ﬂ) h“‘ fS“H\b| YDK/ 1;‘5 \)4;,\ \\{‘
i= ' b 1; ;
= (Y-28)(-24) = g'¢
3= (282

2-(1-24) (4-24)=0.

27 (Y-24)=0 =>2'y = 284



* @ Unbiased estimator for s>
The estimated envor 1—1
=Y-Pey= (I—Fz)){, g

S~ r\\‘— | y’??-l‘i
=& =L\§._'§/'i,(1/)(yh) (1-F)

I rank(2) = k#l, then o= (22) 2,
yg: predaetd valueafx s
= zg):\_@zbv = _) here

\) is f‘w- {Myecfw metric. on e column space of Z .

el =Y (P)X an et )
ool ot prctin s o Jdempotert, 1, E(S8)=E[V(ER)Y]  -eime)
3 e ﬁg _—_— ~Pe 2, AE) e
jaes, P{:; P Alse, I— P= ISM*:(G:MI Ay E[# \L(I- FB”’)J f’fmjﬂ;;;i““ifiﬂ
Mooy Po(IA)=0. p, 1om €% o[ "I If:J i of 22

Thus , column space of Pz and T—
| ?E(é.s) =E((z22"'2Y)
= (222" EQ)
| - @2 224 = =4 77%”:
ﬁaV(ﬁ)— m/( (z’z)"z’i) = (23 'alov(d) (2'2)"
= eov(Y) (s)
°°“M:‘ ; = ((z'Z)"E’(e‘“VI)zcz'z)"

— T-P ! e H#- ‘.U !
E[*ﬂf({ ny)] v&ﬂ”}wff%,

= & tr(If) = & 1k (I-Fe) = *(n-k-1)
fMI (I"F!)FE-"O;
yonk (Pe) + ronk (I-Pz)=nh

Al rank (Z) = rank (Pz) = dcolumns of = assuming et
= k1 Z has full 1= column rank_

$0, vumt (I-Pz) = n-(ke+t)




4o, an_Unbiased estimator of &> s Mot prece g

e _ Y-y _
n—¥-1 n—k-1 .

S(@) = (1-22) (=22 é@}})

B=(tubi- i) =S (ylpipm-impm)T

0>

Uinder the “ mean O uncovielated ! assumption o he ervors,

We fund unbtased estimator 4(F) ahd@ y .
o Ao | _ S5
‘u %

5

oBr

Last time, we looked at fhe lesst square estimate o3

A= (227'E'Y | [ Model {m;l

i 3
@ Decomposition o Sum of squares, ’Z'l %é: -t {\
4 et

Tl sun of spre = Zy- | o

b5 \Li ‘L (ol _@ iy

- By -
Total g5 about fhe meatt .

= ($-9)= 2% +zv-m
|l'
gt 2 @ 1“”
- L pong

n 4oms £ Matrix 7




” CY(T-R)Y = Y (I-P2)"L
" pestdn| 55"/ =y'(1-P2) (I-P2) ),

@-P)Y =Y -Pet= L (becwe P2y= Z/" ‘/)
N :g:’é -] %(\ﬁ_’y‘)"
i £
res 2 h
=2 7= S(h-A-At-——PrEr)
‘M_‘ T i

FE =n= 1» { Heen
K =‘P 'Liu,iu" Z—L iu”yn'
=Y (T-R)L= 1(I~P;)§L ' @ - L“ fe
\anoe»Pom g , P£ 7\’ ; ‘@ '
Total 55 aboct moom = Y/(I~ Y- A Af B e 1 vl
’E—’:——TK ‘ 5‘, (PZ —Pi) Fz. +F£ P~ P£ But hane Hey ave equal
= (i-Y) . ™~ Y (I Pz)l+‘/ (Pz Fz)xl b «Pafy F Pibe
@@,‘Z& fjw ol 35 Regressim 55 ‘ (PP = PZ+P& i 1) “ Nt Commarts”
) o s by, v
Lot | BT wz—w(h Y = E(5-)°

(P-P)Y=9-Y= (2‘1-?)
Vzi'P’»} Yn 7
3 1

% A 2’ |




Also observe (T—Pz)(Pz—P1) =0
Mso; (1-P1)P=0_ et )

%, the decompositim oF Y, (o) ( I- mz “and Py is
on orfhogam.l dcoom?osihm , L-hiA- L7 7% i Py Pk
Alse, (T-Py)y = (I—Pe) ¥+ (Pe- Pi)i Al

S:V —Pid=4-1 \\

This 15 also loggml decomposition . +€~"

Y

o% Measure ”F good ness ’me&m"’" by S e

! /7"\
2 _  Reg.sS polf (P=—P1)Y el
4 Tok 55 about Meant { Y(1-Pu)Y (5%

%(?"7) L fa %(‘h—‘/;)z

s = 1=
] ¥% n gy =
“‘Q’.—Y:)‘L ?_TT(YI ‘/) ;?.(Vi’-‘i)l
v N
S g P
- Total 55 about mean

o R* lies pe-tween 9 and L i 35 cloee *oOdil “thom.
fee——— r\egvesﬂm model 5
mf %»J ?"“ T gmd it
Prez!?dw has ’) IF R 15 close to - @, then
(no wlrmelion &1 | Ao, wode]| 75 +hat Hhe predrctors
cannof predice the response well.

R=1 only when £:20 Hralli R=4 R* 15 called

N - ~ ¢ Multiple correlation
This means Yi = Gy = B+ 3 ZuttBArZir.  coeffrewnt .
R=0, whew 5,2, 53,= -=73,=0,

f @ Geometric Point of view for the LS method.

The L5 problem *
rmm»uie “X zﬁﬂ (X‘Zﬁ)'(l"zﬁ) with resfcd:‘bé

\,\L\ mﬂﬂze/“li :
AP i
“ sz B (wnxlt/cc'!w‘}.

Go, the. Mminimizaction problems. is equivalent fo_arthogenal

postir 1, o C2).

fo, zb s Fhe closest to Y among- all points Fecz),
2 .
2 15 orthogonat 4o €2 AT o)

- cE

so Z'(4-2p)=0 > b =(2DEY

Wemee, Zh=Pay Y Eh= ZEE'ZY
4 Pe

1




® Best, Linear Umbiased Estimator (BLUE) Math B/800 2(6[18, Thur

Coluwn vecte

For any vector G, Suppose We wakt fo estimate c'g
M estimator wii be alled [Inear if o has Hhe fom @'Y for sme a

1= (I—P%)){,'I'Pgi mt«ow de.com posttion
BLUE ( corrtinued) y

Thin_ ( Gauss)
C'fis 15 Hhe best ameng. all liear- unbissed estimators, Og=Z(Z'2)"

Best in the sense " S maflest voriance® :F,g‘z'— 9 gedistres

E[¢4]=¢E[B]-28. Need to checks

50, ¢'B is unbtased {%Yg'é_// %l*%;r, i a‘*%‘cﬂ‘ _(9-:,6*)'2(2'2)"9 =0, Sme ("g,_—g:"‘_)f_z=9.'—g'=o
7 (20T - 11, e Gun(oe et B A

g —— 4o P we didn'e assome oy drshribution o the ervor €5

50y c'd i also |mear estimoctor.

If@‘ s unblased fw,#w- @ oy ]-ELoE+4E]
L F[wyl=cg e alg o — 428
5?7 ﬂ’z&): S'é -ﬁ'ra.lfé, S0, 4,'325’

L
Now, e need to sssume distribution of the erver:
1. Suppose. the ervors_are 11d Duble exponentis] dist.

Wi pbf eo=1€™ xeR 4\

we only assumed  [F(€1)=0 and @V(Ei, €)= f o W4l

V‘{Q‘ﬁ)'ﬂ gl o (co'2)3=0,V4
y s*=1 >
v (&'y) =8/ V(L) 4 R, Suppose. Eiyerey En OFe i1d R pdf ). B S
~ .0\"6\*' I "' = A 2= . 2
vw(gf,z)=w(a!.y,) e {(;‘m;)z(zz) ¢ =0 MM & M Y=2Z4+¢€
aa=(a4- ‘fa-a (%-%)'F%l“gzo : W Yug Yo, -0 Vw GF indlependent.
L5 (~ (XM‘M) (Q *t a*) ﬁ \m,;ﬂ E(Y}) =Ziﬁﬁ=ﬁo+ﬂ.zﬂ 4B, Fiv.

= (8- 08)/(a-0e) + Kilp+2 (8- 0%)' O > Sxin

ey
ok




PR o &1 = fi—Ziya B B 09 doste cpma ety
() = l_e-lv:—z:.*él
g0, Jowt pdf of Yi,--, Vu
) = TR S Ledln “@"W)ﬁ

Maimizing- L(£) is equivalent fo

_MM&- é‘ lY;’ﬂ."/ﬂZil =5 ""‘ﬂrerl W.r.‘té '

The estimocdtor(Fhat) mintnizes the last term 7 cafled
LAD ( Least absolute deviation) estimatrr of 2

Nete  Suppose e erors atenmndlyd?s-fﬂbwled.

591 2 ~Nh(0 6"1» FN‘:/:‘/E’J:/&:’)

x-MY
o L=
%0, (@1 -~ En axe_iid N (0,6
‘F&: Find MLE F 8,6
Distribution £ Y1 & N (Fwd o)

L (y-z.8)7*
pdf of Y1 —F(\h):{—%s e 26“(Y‘ Zwit) ;

" ot cantinuous |° " Jikelthoed furetim

Jort pdf oF Yi,- S
)= (L 2= T =1 (4,07)
(i )= (1]_—6')

{ (¢,5)- (og,m.s‘)-——k&(n)— 3 le3(*)
_——z (Yi- z(*r?)

n
=

B e 5\ i e

yninlmizen = O ‘,P ?
[::_—4;:} (e
701p=Bs= (222"} L@;

ﬁ is wnb?ma( 'ﬁ”é,
@ (222 ~ Neg (E 222, (222'(T)

~Nn(26,5T) z(z‘z)")
i - '-‘-Nhié,s‘(z'z)“)
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